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Abstract. We give a causal version of Eisenhart's geodesic characterization 
of classical mechanics. We emphasize the geometric, coordinate independent 
properties needed to express Eisenhart's theorem in light of modern studies 
on the Bargmann structures (lightlike dimensional reduction, pp- waves). The 
construction of the space metric, Coriolis 1-form and scalar potential through 
which the theorem is formulated is shown in detail, and in particular it is proved 
a one-to-one correspondence between Newtonian frames and Abelian connections 
on suitable lightlike principal bundles. The relation of Eisenhart's theorem in 
the lightlike case with a Fermat type principle is pointed out. The operation of 
lightlike lift is introduced and the existence of minimizers for the classical action 
is related to the causal simplicity of Eisenhart's spacetime. 



1. Introduction 

The mathematical study of UghtUke dimensional reduction began almost unnoticed 
in 1929 when Eisenhart published a work [15j which drew a correspondence between 
the trajectories of a dynamical system on a classical configuration space E (extended 
to include the time) and the geodesies of a higher dimensional Lorentzian manifold 
M. While this result attracted some interest, as it was going in the direction of 
geometrizing Newtonian mechanics as for the older Jacobi metric model [T] , the nature 
of the projection tt : M ^ E and the lightlike character of the orbits 7r~^(e), e € E, 
was not considered as an interesting ingredient of the construction [31j . 

Eisenhart's results in connection with Lorentzian geometry were then overlooked 
and only later rediscovered following different approaches 112] . Indeed, even the 
relation between Eisenhart's result and lightlike dimensional reduction is not well 
known. The aim of this work is to generalize Eisenhart's theorem is such a way that it 
can become an integral part of present investigations on the mathematics of lightlike 
dimensional reduction. 

It must be mentioned that the class of Eisenhart's spacctimes is quite large and 
includes, for instance, the plane-fronted waves considered in general relativity |13j . 
Any result obtained for the Eisenhart's spacetimes specializes immediately to those. 
Although the terminology regarding plane waves is not always uniform we may define, 
following [13j , a plane-fronted wave as (i) a 4-dimensional spacetime which (ii) satisfies 
Einstein equations (most authors consider only the vacuum case) and that (iii) admits 
a lightlike twist-free Killing field, plus (iv) some auxiliary topological and differentiable 
conditions. As we shall see, without the limit on the dimension of the spacetime given 
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by (i) and the condition of solving the Einstein equations (ii) , this definition would be 
that of an Eisenhart spacetime. If the condition that (v) the Killing field is covariantly 
constant is added then the class of plane-fronted waves restricts itself to that of the 
plane-fronted waves with parallel rays, i.e. pp-waves, whereas the Eisenhart's spacetime 
becomes a Bargmann structure. 

It seems appropriate to keep the name Eisenhart's spacetime instead of plane- 
fronted wave for the structures to be studied in this work not only for historical 
precedence or because of the mentioned differences, but also for a fundamental 
difference in the motivations. Eisenhart's spacetimes serve as a tool for investigating 
the relationship between classical and relativistic physics, and thus they are not meant 
as realistic spacetimes, rather they provide a mean for mirroring classical spacetimes 
into relativistic ones. 

As we shall see, the Eisenhart's spacetime is interesting for two main reasons. 
On the one hand because it provides a bridge between relativistic and non-relativistic 
physics and allows to export methods and ideas from one subject to the other (see 
theorem 15. 5|) . On the other hand because several physical interesting spacetimes are 
indeed of Eisenhart type, thus for instance, the results obtained in this work can be 
applied to the plane-fronted waves of general relativity. 

Let E — TxS,T — R, hea classical d -\- 1-dimensional extended configuration 
space of coordinates {t, q). Let at be a positive definite time dependent metric on S, 
and bt a time dependent 1-form field on S. Let U{t, q) be a time dependent scalar field 
on S. In a coordinate chart of S, we shall write at = aabdq°'dq^, bt = bcdq'^. Eisenhart 
[15] was able to show that the trajectories of a Lagrangian system with d degrees of 
freedom 

L{q,q,t) = ^at{q,q) + bt{q) - U{t,q), (1) 

may be obtained as the projection of the geodesies of a d + 2-dimensional manifold 
M = ExY,Y^R,of metric [13 I 

ds^ =at-dt(g) {dy - bt) - {dy - bt) ® dt - 2{U + k)dt'^ , (2) 

where fc 6 R is a constant, y G R is the variable of the additional [d + l)th dimension 
(y = Q'^^'^)i and t is the zeroth dimension t = q^. Different values of k do not really 
give different spacetimes, indeed k can be sent to zero through the transformations 
y ~ y' — kt. Thus the chosen value of k selects a coordinate system rather than a 
metric, and the possibility of choosing k reflects the freedom in choosing the zero level 
for the potential. Note that d/dy is a lightlike Killing vector field. 

Eisenhart did not gave to the Lorentzianity[^ of his manifold a particular meaning, 
and indeed, this fact played no particular role in his analysis. Given a solution of the 
dynamical system q{t), he set 

yit) ^C-i^ + k)t + L{q, q, t)dt, (3) 

where C is an arbitrary constant. The trajectory {t, q(t), y{t)} could then be regarded 
as a parametrization of a spacelike geodesic of the Eisenhart spacetime with respect 
to a natural parameter [31j . s = t. Moreover, every solution of the Lagrangian system 
could be regarded in this way. 

I In our convention the roles of and q'^^^ are inverted with respect to j31l Book II, Sect. 11] and 
there is also a different choice of sign. 

§ The Lorentzianity of the metric follows immediately by introducing the base of 1-forms = dt, 
0)" = d<2", cj'^+i =dy-\-{U-\- k)dt - b. 
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A first question is whether Eisenhart's spacetime can be characterized in some 
coordinate independent way and whether Eisenhart's theorem admits a causal 
formulation so that the representing geodesies become causal rather than spacelike. 
An afhrmative answer to the last question would give to the causal geodesies the 
physical interpretation of particles moving on Eisenhart's spacetime. In fact, we shall 
show that both questions admit an affirmative answer and that the causal version of 
Eisenhart's theorem is convenient from the mathematical point of view as it allows us 
to obtain new results on the existence of minimizers for the classical action. 

The modern coordinate-independent approach to lightlike dimensional reduction 
is the so called Bargmann structure approach 112] , thus our aim will be to start 
with such structures or with the slight generalization considered in [25], and then to 
recover the manifold E, the space 5, the time the metric at, the 1-form ht and 
the potential U, so as to express and study Eisenhart's theorem. We shall see that 
natural coordinates do not exist and that, in order to determine bt, one has to fix 
the Newtonian flow (frame) on E. Indeed, the 1-form ht will play the role of Coriolis 
potential, determining the rotational inertial forces of the dynamical system. The 
dependence of ht on the frame is then expected as the inertial forces depend on how 
the frame chosen moves on the classical spacetime E. We shall also prove that the flow 
over E can be equivalently replaced by an Abelian connection on a suitable lightlike 
principal bundle, its curvature giving the fictitious inertial forces associated to the 
Newtonian frame. 

The Eisenhart metric takes its simplest and most symmetric form in the case of 
a free particle in Euclidean space ahc = She, he — 0, U ^ const. Remarkably, in this 
case the Eisenhart metric becomes the Minkowski metric. While it will be included 
in our analysis, the flat case is most interestingly studied by using a group theoretical 
approach [36 . In [36^ it has been argued that ordinary shadows behave very much 
like classical objects living in a quotient classical spacetime thus obeying a Galilean 
invariant physics. Related differential geometric studies of shadows had previously 
appeared in [24] and [45l Th. 4.1] (see also the account [El Sect. 5.3.2]). 

The paper is organized as follows. In section [2] the spacetime geometry induced 
by the presence of a lightlike Killing field is studied in detail. The classical spacetime 
is identified with the corresponding quotient manifold. It is in this section that most 
of the classical physical concepts such as absolute simultaneity, absolute time, space 
metric, Newtonian frame and Coriolis inertial forces are introduced. In section [3] 
the light lift is introduced, its relation with the classical action explained and the 
causal version of Eisenhart's theorem is stated. In the short section U the Eisenhart's 
theorem is proved. In section [5] the Eisenhart's theorem in the lightlike case is related 
to a kind of Fermat's principle in the case of lightlike target curves, and the existence 
of minimizers for the classical action is shown to follow from the causal simplicity of 
Eisenhart's spacetime. Finally, in section [6] some conclusions are drawn and in the 
appendix a brief introduction to Newton-Cartan theory is given so as to clarify the 
differences in aim an motivations between this work and those on that theory. 

Our notations are as follows. Let d G N. The indices i,j,k, take the values 
1, . . . , d + 1, the indices a, 6, c, take the values 1, . . . , d. The Greek indices a, (3, /i, v, 
take the values 0, 1, . . . , c? -|- 1, and the indices A, B, C, take the values 0,1, ... ,d. We 
use the spacelike convention r?oo = — 1 , and units such that c—1. The exterior product 
of two 1-forms a, /3, is a A /3 = a (8) /3 — /? ® a. The generic point of the Lorentzian 
manifold M is usually denoted with x or m, that of the extended configuration space 
E with e, and that of the configuration space S with q. By lightlike, causal or timelike 
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curve we always mean a regular curve. For basic results in Lorentzian geometry 
needed in this work and especially in the proof of theorem 15.51 the reader is referred 

to [Mill mi- 

2. Lightlike Killing vector fields 

In this section we study the geometry induced on spacetime by the presence of a 
lightlike Killing vector field (for related investigations see [32l HI]). As we shall see a 
lightlike Killing field allows one to construct a quotient manifold E in which the physics 
is Newtonian provided the physics on the original manifold M was Einstenian. We 
shall not go into all the details which stay at the heart of this correspondence between 
general relativity and the so called Newton-Cartan theory on the quotient spacetime 
The reader is referred to [TTl 1301 HH [51 [5S] for more on this subject. As a 
contribution, using coordinate independent methods, we shall prove the equivalence 
between Newtonian flows on the quotient manifold and Abelian connections. 

Consider a (d + 1) + 1-dimensional Lorentzian spacetime|]| {M,g) with a future 
directed lightlike Killing vector field n, + n,j-n = 0. The previous equation implies 
that the field n is geodesic n^-^^n^^ = 0, divergenceless nf^ = and 'shear free' by 
definition. By [3, Lemma 3.2], n is nowhere vanishing. We introduce an equivalence 
relation between events that lie on the same geodesic integral line, and denote with E 
the quotient space n : M ^ E. The set E will also be called the extended configuration 
space, or the classical spacetime. 

Now we have to add some conditions to make E a ((i+l)-dimensional manifold and 
77 a differentiable projection. Unfortunately, even if n is a complete vector field and M 
is a causal spacetime E may not be a manifold. Indeed, there are pathological examples 
in which the geodesic integral lines of n come arbitrarily close to themselves, preventing 
E from being a manifold. An example can be constructed from 2+1 Minkowski 
spacetime (A, 77), r/ = dq^ — dt ^ dy — dy ® dt — dt^ by making the identifications 
(t, q, y) ^ {t,q + 1, y), and (t, g, y) ~ {t,q + a,y + 1) where a is an irrational number. 

One could try to impose some stronger causality constraints on (M, g) such as the 
distinguishing or strong causality properties, however they would be too restrictive for 
later applications. 

Thus we simply assume that i5 is a manifold, that tt is differentiable and that 
M has locally a direct product structure, i.e. ^ x M, ^ open set on E. In other 
words we assume that M is a principal bundle with structure group (M, +) and 
fiber diffeomorphic to M. In particular n is a complete vector field. As the fiber 
is contractible, global sections exist [41] and hence this local assumption implies that 
M is diffeomorphic to -E x R. We shall refer to these properties by saying that (Af, g) 
has a principal bundle structure. 

By n we denote, depending on the context, the Killing vector field or the 1-form 
field obtained by lowering an index with g, n^dx^ . 

Our next assumption is that the 1-form field n determines a distribution of null 
hyperplanes, ker n, which is locally integrable, that is 

n A dn = 0. (4) 

II The manifold is at least C*, and the metric is at least C*~^, fc = 3, but k = 2 will suffice almost 
everywhere unless in those parts where the existence and continuity of the Riemann tensor is invoked. 
The tensor fields at, bt, U and ip (to be introduced later) have the same degree of differentiability of 
the metric. 
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These requirements are weaker that those needed to define a Bargmann structure 
112] . since there n must be covariantly constant, n^.,^ — 0, and hence closed 
dn = 0. 

The following theorem, which clarifies earlier results [131 [2S] (see also [l^), relates 
the hypersurface orthogonality condition (|4]) with an Einstein equation on M . 

Theorem 2.1. Let n be a lightlike Killing vector field on the spacetime {M,g). In 
any spacetime dimension n A dn = if and only if R^^n^n^ — 0. In particular if the 
spacetime has dimension lower than 3 then n A dn — 0, and Rf^^n^n'^ = whereas if 
M is ^-dimensional (d = 2), then R^^n^n'^ > and 

Za ■■= 2e^0^sn>^n^'>-^^^ = ±(8i?^,n^n'')i/2 (5) 

where the sign is constant and well defined in those disconnected open sets where 
R^.^n^'n" > 0. 

Proof. From nfj-a-fi ~ "/3;/i;Q — Rpu^ian'^ , and permuting repeatedly the indices and 
summing and subtracting the equations so obtained we have (Killing vector lemma) 

n/3;a;p = -Rfiuapn". ThuS 

n'^-^^n^.,^ = {n"n^,^y^ - n'^n^.f = R^^^n'^n'^, (6) 

In particular njc^^jnt"'^! = R^i^n'^n'^ . Note that n^n^ = = nj^.^jn'*. 
Let 

so that n A dn = iff w^^i/ = 0. The tensor w^^n is skew-symmetric. Note that 
w-j.^i/n!^''^! = n~f{R^i,n^n^), thus nAdn = implies R^^n'^n" — 0. For the converse, let 
Rp^^n^n'^ = 0, note that Wafj.uW^^" = UaU^ {R^j.^n^n'^) = 0. Let {s^} be coordinates 
at the chosen arbitrary event x (or introduce a non-holonomic orthonormal frame) 
so that g^v = rj^^, at that event. Then = wq^^w^'^'' = -^^j„,j^aiwo^yY hence 
wqhu — 0. The equation Wa^vw"'^'^ = 0, now reads ^ ^^oi'^atJ.vY — and thus all 
the components of Wap,u vanish, i.e. n A dn — 0. 

Let us consider some particular cases. If the dimension of the spacetime is lower 
or equal to 2 then n A dn = follows for dimensional reasons. If the spacetime has 
dimension 3 defined z — ep^sn^n^'''^\ we have — — <5^^^ ns n^"'''! '^[m;''] ~ 

If the spacetime has dimensions 4 then the following quantity vanishes 

2,z^ = -45^^^ n" ns nl"^''! n[^^,] = 0. (7) 

Since z" is a lightlike vector and z^n" = 0, it follows that z" must be proportional to 
n'^, z" = fn°'- The identity 

fW = /^M - 2e^,„^z''n["'^l = 4<5;^^;n^n[,^,] nl"''^! 

= 8n^(n[„./3]n["''31) = (8i?o/5n"n^)n;„ (8) 

shows that Rapn°'n^ > and / — ±(8i?^i/n^n'')^/2 where, by continuity, the sign ± 
is constant in those regions where R^^^n^n'^ > 0. 

□ 



Eisenhart's theorem and the causal simplicity of Eisenhart's spacetime 



6 



This result shows that the single Einstein's vacuum equation R^^n^ii'^ — in 
the spacetime (M, g) is equivalent to the hypersurface 'orthogonality' of the lightlike 
Killing vector field. 

The problem of reducing the Einstein equations to E has been studied in 
generality in [25]. Some other results will be mentioned in what follows. We do 
not impose the full Einstein's equations on M because they would lead to a quite 
restrictive geometry on E. 

2.1. Absolute simultaneity, absolute time, Newtonian frames and space metric 

Due to Eq. ^ , by Frobenius theorem there are local functions V' > and t such that 
n = — ■0dt. In principle the construction that follows could be developed locally, but in 
order to simplify the analysis and the notation we shall assume that the distribution of 
hyperplanes kern, is not only locally integrable, but also globally integrable, that is, 
there are global functions -0 > and t such that n = —ipdt. If M is simply connected 
this condition is automatically satisfied by a Bargmann structure (as dn = 0). 

It is time to pause and to recall all the assumptions that will not be reminded in 
what follows. M is a Lorentzian time oriented manifold (i.e. a spacetime) endowed 
with a complete future directed lightlike Killing vector field n, which makes (M, g) a 
principal bundle of base i?, and whose associated distribution of hyperplanes kern is 
globally integrable. 

The function t is such that given a future directed timelike vector V ^ it is 
At\y\ = —g{n, V)/ip > 0, because n and V are in the same forward light cone. Thus t 
strictly increases over timelike curves, but it is constant on the null geodesies generated 
by n and in particular the submanifolds t{x) — t are null hypersurfaces. The function 
t satisfies the requirements for a quasi-time function in the sense of [H Def. 13.4], 
nevertheless we shall call it simply time function not because of its role on M but 
because of the role that it will play on E (see figure [1]). Indeed, dt[n] = dnt = so 
that t is a function on E lifted to M . We shall denote with the same letter t the time 
function on E and its lift to M. The condition L„n — implies dnip = 0; thus if) 
depends only on the base point too. 

The global integrability condition implies the existence of a natural absolute 
simultaneity on E, determined by the surfaces t = cnst. However, note that the time 
function is not, by itself, completely determined since one can change time function t 
to t' = /(i), /' > 0, by suitably changing ij} : E ^ M.. For this reason, in what follows, 
we shall always keep the field V' aside a time differential, for instance in expressions 
like V'di or (when it will make sense) ^§1- 

Each null hypersurface Ni on M, of equation t{x) = t, may be regarded as a 
principal bundle over St (i.e. the locus t{x) = i on E) with fiber R and structure 
group (R, +) generated by n. 

If we are in a Bargmann structure, dn = 0, then ip depends solely on t, and we 
can choose the new time parameter t' , dt' = ipdt, so that -0^1. We conclude that a 
Bargmann structure has a natural absolute time on E, i.e. the one that makes = 1. 

Let m ^ M and e = 7r(m) G E. The projection tt is a submersion, that is for any 
tangent vector v at e there is a tangent vector V ed m that projects on it, v — t:^V. 
Moreover, n spans the kernel (vertical space) of this projection. Any tangent vector 

V at e can therefore be represented in the full spacetime with the equivalence class 
[V], where V G TM^ is a representative and any alternative representative reads 

V = V + an for a suitable a G R. 
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Figure 1. The spacetime {M, g) due to the condition n A dn = on the hghtlike 
Killing field n splits into principal bundles -nt : Nt —> St- A t-parameter family 
of connection 1-forms LOt on those bundles (displayed here with their kernel on 
the tangent spaces TNt) is equivalent to a Newtonian extended frame on E. The 
connections ut have in general an holonomy which, unfortunately, can not be 
displayed in this figure since S here is one-dimensional. 



In order to construct coordinates on M we first need natural coordinates on E. 

Definition 2.2. By Newtonian extended reference frame, or simply Newtonian frame, 
we mean a future directed (at least C^) vector field w{e) on E (future directed means 
dt[w\ > 0) normalized in such a way that '4'dt[w\ = 1. 

In M the Newtonian frame is represented by a field of equivalence classes [Vt^(m)] 
where W{m) is a representative vector field such that g{n,W) = — 1 < (any 
representative field satisfies this relation). 

The integral lines of w{e) on E form a d-dimensional quotient space 5* that we 
call the space of the reference frame. We cover S with charts of coordinates denoted 
q°' , and {t,q°') become coordinates on E. We stress that natural coordinates (up to 
transformations q'" — q'"'{q^)) on E are given only if a choice of Newtonian frame has 
been made. In these coordinates the normalized vector field that defines the frame 
is w = (one should be careful because this expression makes sense on E but it 
does not make sense on AI since the last coordinate y has not yet been defined). The 
Newtonian frame gives another fibration ttes '■ E S, and the quotient space S can 
also be identified with any chosen slice St, t = cnst. on E. We have E ^ T x S 
where T is the image of the function t : E ^ M.. It is an open connected subset of M 
which can be different from M, as it also depends on the choice oi tp. In the case of a 
Bargmann structure, as t is uniquely determined, it is natural to ask that T = R. 

The metric g induces a (Newtonian frame independent) Riemannian metric on St 
as follows. Let w,v be tangent vectors to St at q € St, then define the Riemannian 
metric 

atiw,v)=giW,V), (9) 

where W and V are any representatives on Nt . The right hand side is independent of 
the representatives, since as w and v are tangent to St we have V^Uf^ = W'^n^ = 0, 
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i.e. V and W are tangent to Nf. The condition at{v,v) — implies g(V,V) = ^ 
V oc n ^ V = 0, that is at is positive definite. In a coordinate chart (t, g") adapted to 
the Newtonian frame the metric on St may be written 



Note that while the space 5 is a Newtonian frame dependent concept, the spaces St 
endowed with the metrics at are not. Due to the identification of the different St on a 
single space S provided by the Newtonian reference frame, the metric at can also be 
regarded as a time dependent metric on S. 

2.2. Equivalence between Newtonian frames and Ahelian connections 

Interestingly, the Newtonian frame ^(e) determines a connection (in fact a one- 
parameter family, one for each choice of t) over the principal bundle irt : Nt ^ St 
(TTf :— 7r|jvJ. Indeed, let Vt be a representative vector field restricted to Nt, Vt = V\n^, 
and construct the 1-form ujt{-) = —g{-, Vt)\Nt which acts on the vectors tangent to Nt. 
It is easy to see that if W is tangent to Nt at m, n^^W^ — 0, then LOt{W) is independent 
of the representative Vt chosen, and depends only on the Newtonian frame at time t. 
Moreover, the following properties can be easily checked taking into account that, by 
construction, LnV oc n, 

(a) ujt{n) = 1, 



Thus, ujt is a connection 1-form on iTt : Nt ^ St, [SBj. One should be careful because 

u)t is not defined on vectors which are not tangent to Nt. 

Conversely, any (C^) one-parameter family of connections tut on the principal 
bundles nt : Nt ^ St is associated to a Newtonian frame on E. Since the proof is 
somewhat more involved we give it in the form of a theorem. 

Theorem 2.3. Let v{e) be a future directed vector field on E .such that ipdt[v] — 1 
(Newtonian frame), and let V{m) any vector field on {M,g) which projects on it, then 
LOt{-) — —g{-,V)\Nt 1-form which acts on TNt) is a connection for the principal 
bundle tt^ : iVt — > St which is independent of the representative V{ni). 

Conversely, letujt be a (C^) one-parameter family of connections for the principal 
bundles nt : Nt St (i.e. 1-form fields over Nt which satisfy (a) and (b) above). 
There is a unique Newtonian frame v{q) on E such that for any representative field 
V, n^V = V, it is ujt{-) = -g{-,V)\Nf 

Proof. The first part has been already proved. Introduce an arbitrary vector field W 
on M such that —g{n, W) > 0. Extend ujt to a 1-form field cu over M such that, 
(i) u)t{W) = uj{W)\n^, for every W such that n^W^^ = 0, i.e. the restriction to the 
manifold Nt coincides with LOt and, (ii) uj{W) = 0. Since g is invertible there is a 
unique vector field V such that lo() = —g(,V). The field V is not tangent, at any 
point, to Nt, indeed n^V^^ = — — -~LOt[n] = — 1 7^ 0. Moreover, condition (b) 
implies that LnV = 0, hence V is projectable on a vector field n^.V = v ox\ E such 
that V'di[u] = 1. Note that by changing V V-\-a{m)n, the 1-form —g{-, V) restricted 
to the manifold Nt still coincides with ujt . Now, let us show that the choice of W does 
not change the field v. The reason is that ii W W, then V V where 



at{w, v) = Oabit, q)dq°'dq''. 



(10) 



(b) LnUJt = 0. 




V = V - 



gjv, W) 

g{n,W') 



n. 



(11) 



Eisenhart's theorem and the causal simplicity of Eisenhart's spacetime 



9 



Gauge theory 


Physical interpretation 


Lightlike Killing field n on [M,g). 
Principal bundle n : M —f E 


Existence of a quotient space E 
(the Newtonian spacetime) 


nAdn = 0. One-parameter family 
of principal bundles vrt : A^t — > St 


Absolute simultaneity on E. A 
particular vacuum Einstein equa- 
tion on M is satisfied 


Bargmann structure, dn = 


Absolute time on E 


Connection ut 


Newtonian frame on E 


Curvature fit 


Coriolis inertial forces 


Qt ~ 0, flat bundle. 


Non-rotating Newtonian frame. 



We conclude that the choice of W which serves to extend LUt fixes only the vertical 
part of V and docs not affect its projection. □ 

In summary, we proved that there is a one-to-one correspondence between 
Newtonian frames on E and one-parameter families of connections LUt on the principal 
bundles tt* : Nt ^ St- 

Note that if a Newtonian frame on E reads w — ^-^j then one of its representative 

W on M, takes the same form W — -^-g^ irrespective on how the coordinate y is defined 
on M (provided n = d/dy). 

Each manifold Nt has a natural exterior differential df. The distinction between 
dt and d defined over M must be kept in mind. In short dt does not differentiate with 
respect to the t function. For instance f{t) has a non-vanishing exterior differential 
df but dt/ — 0, because on the manifold Nt, the function / is constant. 

We can now define the curvature fit — dttot on each principal bundle iTt : Nt St- 
The proved characterization of Newtonian frames allows us to define the non-rotating 
Newtonian frames as those associated with a flat connection, fit = 0. Indeed, the 
curvature Qt will be strictly linked to the Coriolis inertial forces. 

2.3. The Coriolis potential and the Eisenhart metric 

Consider the image S, of a (C-^) section a : E ^ M (global sections exist since the 
fiber is contractible [41]), and define the function y : M ^ M, as the unique function 
such that y = over S, and dy\n] = 1. Because n is complete, the image of y is all M 
and hence M = x R = T x S" x M. 

Let = 7r£;5 o TT, TTs : M —>■ S. Given a section ct, and a coordinate chart 
defined on an open set B (Z S, the natural coordinates on T^g^B C M, are then 
{x^} = {i,gi,...,(7'^,y}. 

The section a can also be regarded as a 1-parameter family of sections at of the 
bundles ttj : Nt ^ St, or, using the diffeomorphism between S and St provided by the 
Newtonian frame, as a 1-parameter family of sections at ■ S ^ Nt of the 1-parameter 
family of principal bundles nt : Nt S . 
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Thus over S we can define not only the time dependent metric at, but also the 
time dependent 1-form field 

bt - -(J^LOt, (12) 

which is the (minus) potential of the connection ut on the principal bundle iTt : Nt ^ 
S. If at and bt are known to be independent of t we shall omit the index t. The 
corresponding curvature reads in coordinates dtb = {d[abb])dq'^ A dq'^ = —cr'^ilf 

We claim that there is a time dependent function U : E ^ M., such that the 
metric g on M = ExR = TxSxR reads (recaU that n — —tpdt) 

g = TT*gat +n(S{dy- Tr*sbt) + [dy - TT*gbt) ® n - (2C/ + l)n^ (13) 

where ttJ is the puUback of covariant tensors from S to M, and where for simplicity 
the pullback of functions from E to M does not receive a different symbol (thus, as 
done with functions and t, we replaced 7r*C/ with U). Note that tot is undefined over 
vectors which are not tangent to Nt, on the contrary TTgbt is perfectly meaningful. This 
metric reduces to that considered by Eisenhart in the case of a Bargmann structure. 
The generalized form with ijj not constant was introduced in |31| . again as a pure 
coordinate dependent definition. 

The particular form ~{2U + 1) for the coefficient in front of {—ipdt)^ is chosen in 
order to obtain a nice Minkowskian limit for U = 0, S = K^, at at — Sab, b — 0, — 1, 
with the usual shadow coordinates (see 36J). 

In order to prove Eq. let us first consider two vectors V and W a,t m ^ M, 
tangent to Nt so that only the first term in the right-hand side of Eq. does not 
vanish. We have (due to the identification between S and St, ns* becomes tt*) 

n*sat{V,W) = atiTr,V,7:,W) = giV,W), (14) 

where in the last step we used the fact that is a representative for Tr^,V, and 
analogously for W. Thus the right-hand side of Eq. restricted to the vectors 

tangent to Nt coincides indeed with the metric g. 

We are now going to show that there is a vector field W such that the scalar 
product of W with a vector tangent to Nt made with the right-hand side of Eq. 
coincides with that made with the metric. Let w be the Newtonian frame field that 
defines S, tpdtlw] = 1, and let W be the unique representative, n^W = w, such that 
dy[W] = (it can be obtained by Lie transporting a^,w over the fibers). Clearly, 
Trs*W = and n[W] = —1. Thus if V is tangent to Nt the scalar product made with 
the right-hand side of Eq. P^ reads 

- (dy - 7r*sbt)[V] = -idy[V] - bt[7T.,V]) = -ut[V] = giW, V). (15) 

The function U is then chosen such that g{W, W) = —{2U+1) which proves the claim. 
The proof also shows that (dy — T^gbt) is an extension of the connection 1-form LUt, 
in the sense that ojt can be regarded as the restriction of (dy — iTght) to the vectors 
tangent to Nt- 

Given the definition 

Definition 2.4. Let be a d-dimensional manifold endowed with a (all possibly time 
dependent and at least C^) positive definite metric at, 1-form field bt and scalar fields 
U and ■0 > 0. Let T be a connected open subset of R and set Af = T x x R, where 
X = {t, q, y) is the generic event of M and define n = —i/jdi on AI. The Eisenhart 
spacetime is the manifold AI endowed with the metric (|13p and time orientation such 
that n^d/dx'^ is future directed. 
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the results obtained can be expressed, somewhat synthetically, as follows 

Theorem 2.5. Let [M,g) he a {d + \) + 1-dimensional spacetime endowed with a 
complete lightlike Killing vector field n which makes (M, 17) a (K, +) principal bundle 
and such that the distribution of hyperplanes, kern, is globally integrable. Let Nt be 
the corresponding foliation with n — —ipdt, tp > Q, T the image of t, and let St be 
the quotient spaces under the action of n, so that nt : Nt St are principal (M, +)- 
bundles. Let ujt be a (C^) 1 -parameter family of connections on the bundles and let S 
he the space obtained identifying the different St through the action of the Newtonian 
frame associated to uJt- Over S a time dependent space metric at, can be defined 
through Eq. ^ and, given a (C^ ) 1 -parameter family of sections at ■ St ^ Nt, a time 
dependent 1-form field bt can be defined through Eq. Then AI — T x S x M. and 

a function U exists such that the metric g takes the form \1SI\) . The spacetime {M,g) 
is then a Eisenhart spacetime. 

A change of section (gauge transformation) a —> a', {at — > Cj) reads 



and UJt is invariant as expected. The gauge transformations do not change the 
Newtonian frame but only the way in which the events of M arc labeled. 

A special class of gauge transformations are those for which a = Ct with C 
constant. Indeed, they leave the gauge potential bt unchanged but change by an 
additive constant ipU, and hence any function U of the form U — -ipU + Kiip + K2, 
Ki, K2 £ M. Indeed we shall see that suitable constants Ki and K2 exist which allow 
us to interpret U (and hence U for a Bargmann structure) as the classical potential. 
However, one should keep in mind that U (and hence U) is not uniquely determined 
because of the existence of the wider class of gauge transformations given above. 
Nevertheless, if the connections ujt are flat a section a exists such that, for every t, 
bt = 0. For this special class of non rotating Newtonian frames it is possible to identify 
uniquely (up to an additive time function) a potential function U. 

A trivial consequence of definition 12.41 is 

Lemma 2.6. The Eisenhart spacetime is a causal spacetime. 

Proof. Let V{\) = d/dX be the tangent vector to a future directed causal curve x{X). 
Since V and n are future directed g{n,V) < or dt[V] > where the equality sign 
holds iSV (X n. Thus as t{X) is a non-decreasing function the causal curve can not be 
closed unless t{X) = ciist. in which case a; is a geodesic generated by n which is not 
closed neither. □ 



Given a future directed field v{e) on E the representative field V on M, ti^,V — v, 
is not uniquely defined. Nevertheless, it can be uniquely identified by imposing some 
conditions on its norm. We have the following 

Lemma 2.7. Let V{m) be a representative field on AI which projects on a future 
directed field w(e) on E, and let u}{-) = —g{-,V). The following conditions are 
equivalent 




y 



y + a{t,q), 
bt + dfO, 
i/jU - dta, 



(16) 
(17) 
(18) 



2.4. The i -lift. 
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(i) L,,V = 0, 

(a) LnUJ = 0, 

(ill) L„g{V, V) = 0, 

and V{m) is uniquely identified if they hold and the function g{V,V){e) on E is 
given. In particular V{m) can be chosen to be causal, and for any given function 
: E ^ [0, +oo), it is uniquely identified by imposing 



M -gin, V) 

in which case V is said to be the j^-Uft of v. 

Proof. Since y is a representative, LnV — (3n for a suitable field P : M R, moreover 
g{n, V^) < since v is future directed. Hence 

P gin,V) = giL„V,V) = ^L^g{V,V), 

implies that (i), i.e. j3 — Q, iS (iii). Since n is Killing (i) iff (ii). Let V' be 
a representative. By choosing a suitable field a : M ^ M, we can find another 
representative V = V + an such that 

g{V, V) = g{V', V) + 2g{V', n)a = giV, V) ~ 2{i^dt[v])a, 

is any prescribed function, and a condition of this kind fixes the function a and hence 
the representative. In particular V can be chosen to be causal and such that Eq. (fT9|) 
holds with -gin, V) = i)dt[v] > 0. □ 

In what follows we shall be interested only in the case in which ^ is a constant 
throughout E. The reason for introducing the function fi stands on the fact that for 
future directed timelike geodesic on M both \/—giV, V) and —g{n, V) are positive 
constants where V is the tangent vector. Then fi is independent of the affine 
parametrization and it is the momentum conjugate to y with respect to the proper 
time action (see section [3]). 

Note that if ipdt[v] — 1, i.e. u(e) is a Newtonian frame, then —gin, V) = 1. The 

0- lift corresponds to V lightlike, and will be called the lightlike or light lift of v. The 

1- lift makes sense not only for vector fields but also for vectors and if V is the i-lift 
of V then \V , A > 0, is the i-lift of Xv. 

Let V be the tangent vector to a causal curve on M, which projects to a future 
directed curve of tangent vector v (i.e. g{n, V) < 0). The curves on E and M can be 
parametrized with respect to t, and Eq. (fT9| reads 

y-^-MA) + hM) + ^i^,-\-u). (20) 

As we shall see the curves for which l//i is a constant will be particularly interesting. 
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2. 5. Timelike Killing fields and conservation of energy 

Given a Newtonian frame v and a choice of representative V such that condition (i) 
holds, a gauge transformation can be made in such a way that Lyy — or, which 
is the same, V — Conversely, whatever the gauge chosen the field is a 

representative which commutes with n = d/dy. These expressions are kept unaltered 
by the restricted gauge transformations for which a in Eqs. (|16p - (|18p does not depend 
on t. 

Consider a Bargmann structure {ip = 1). The change of gauge y' = y — Ct, where 
C is a constant, leaves unaltered the fields at, bt, and the expression n — d/dy, while 
it changes the function U and the field d/dt 

U' + C, (21) 

Notice that depending on the event and on the gauge chosen the representative ^ 
may be tinielike, lightlike or spacelike. The previous observation is useful because it 
shows that if ^ is Killing then it is not restrictive to assume it timelike, provided the 
function U is bounded from below. 

Theorem 2.8. In a Bargmann structure let V , LnV = 0, be a representative field for 
the Newtonian frame v. The field d/dt on M is always a representative for v, and the 
section a can be chosen in a way such that V — on M , and v — on E. With that 
choice V is Killing iff at , bt and U are independent of t (but note that if at depends 
on t then V is not Killing irrespective of the choice of a). Moreover, an (alternative) 
timelike Killing representative can be found iff the potential U is bounded from below. 

Proof. The first statement is trivial. The causal character oi V — is given by 
the sign of the function {2U + 1) in Eisenhart's metric. Clearly if U is bounded 
from below a gauge transformation y' = y — Ct can be found such that, due to Eq. 
(PT|) . [2U' + 1) > 0, i.e. ^7 is timelike, and, due to Eq. being a linear 

combination of Killing fields is Killing. Every alternative Killing representative has 
the form ^ + C{m)n. Since both n and ^ are Killing, the Killing condition reads, 
C-fiUi, + C;^n^ = or dC (E) dt + dt (E) dC = which implies that C is a constant. 
Thus any alternative Killing representative is obtained through the already considered 
gauge transformation. □ 

Consider a Bargmann structure with a (timelike) Killing field K which projects 
to a Newtonian frame i.e. let Lxg = 0, LnK (x n and g{K,n) = —1. Set LnK = 
[n, K] = [in. From = LKg{K, n) = g{K, LKn) = -g{K, L„K) = -l3g{K, n) = /3 we 
conclude that LnK — and hence theorem l2.8l can be applied with V = K. Thus the 
section a can be chosen in such a way that K = and at, bt and U do not depend 
on t. Consider now a future directed causal curve x(A) on M, with tangent vector ^ 
nowhere proportional to n, i.e. g{n, ^) < 0. It is not difficult to check that 

1 ,(^^ .) ^ ^ ^ - ,.9(^,^) _ 1 3 

2 5(^,af)' 2 

If a;(A) is a causal geodesic the right-hand side is a constant of motion that does 
not depend on the afhne parametrization. It gives the conservation of energy on the 
reduced spacetime E, and it is due to the additional symmetry generated by K. 
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3. Eisenhart's theorem 

We give a proof of Eisenhart's geodesic characterization of classical dynamics. A 
spacelike version was previously obtained using a Finslerian approach in [31j which 
generalizes the original theorem by Eisenhart |15| . Our proof makes use of more 
standard tools and in particular makes use of geometrically useful constructions, such 
as the i-lift which allows us to find a relation between the Eisenhart's theorem in 
the lightlike geodesic case and a Fermat type theorem with lightlike target curves. It 
also allows us to apply the tools of global Lorentzian geometry to the problem of the 
existence of minimizers for the classical action (see theorem 15. 5|) . 

So far there have been only few applications of Eisenhart's theorerr0. Among 
those not treated here there is one on the chaotic behavior of dynamical systems [44] . 

We want to find out how geodesies on spacetime M — E xM. — T x S xM. endowed 
with metric (|13p project on E. Since n is a Killing vector field Uf^-i, + n,y;^ = 0. By 
contraction with n it follows, n^n^ = that is, the integral lines of the lightlike 
vector field are geodesies. We shall be interested on causal geodesies not coincident 
with them since these project on single points of E, that is they are the events of the 
reduced spacetime E. If y ^ is a future directed causal vector not coincident with n 
then > g{V^ n) — ~iljdt\V]. This equation implies that the time variable t increases 
along the projected worldlines and can be used as a time parameter. 

The causal geodesies x{\) on which we are interested are the extremals of the 
action 

The parameter A is an afRne parameter for the seeked extremals. There are two 
conserved quantities. The momentum conjugate to y 

, dt , dx ^ , , 

M = 2i^^ = -2.9K— )>0, (25) 

where /x > because the geodesic is causal, future directed, and not coincident with 
a flow line of the lightlike Killing vector field, and 

da; dx dq dq 

^= -•9(dA'dA) = -"*(dA'dA) 

- ^'^Tx^fx + + ^^^''^Tx^' + = 

where C > for a timelike geodesic and C = for a lightlike geodesic. The last 
equation can be used in place of the Euler-Lagrange equation corresponding to the 
coordinate t. The Euler-Lagrange equations obtained from the variation with respect 
to q can be simplified by removing A, through Eq. ([25]) . and y through Eq. ((26l) . 
The resulting equations will be called the projected Euler-Lagrange equation as the 

^ Benn [2] and Szydlowski |46] cite Eisenhart il5j while studying the geodesies of a warped product 
spacetime with a metric of the form (;„i,dg"dg'' -|- A(g")dn^ which, according to them, leads to a 
Newtonian dynamics on the reduced space of coordinates {g"} by taking as time the affine parameter 
and by letting oc lA, with U the Newtonian potential. However, this attribution seems incorrect. 
In Eisenhart's work the crossed terms of the metric are of fundamental importance, its determinant 
does not depend on the sign of W, and A onTJ jl5l p. 593 and Eq. 2.10]. Their work is more properly 
related to that on Kaluza-Klein theories with a scalar field. 
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projection q{t) on i? of a geodesic satisfies them. Nevertheless, we will not need to 
find them explicitly. Instead, our problem will be that of finding a direct variational 
formulation for them. 

Note that the conserved quantities fl and C depend on the chosen affine 
parametrization and are fixed by the requirement that at the endpoints A = and 
A = 1, respectively. However, due to the homogeneity in A of the Euler-Lagrange 
equations, the projected Euler-Lagrange equations will be dependent only on the 
already introduced ratio 



1 _2c _ y-gidi^di) 

~ ~ ^ / dx\ ^ ^ ) 

M M -g{n, ^) 

and will be called i -Euler-Lagrange equations. Note that /i G (0, +oo], where /i = +oo 
iff C = 0. One can easily check that ^ ^ is the momentum conjugate to y for the 
Lagrangian C^^-^ which leads to the usual proper time action (we did not start directly 
from that action because, in this way, we include the lightlike geodesies in our analysis). 

Eq. (j25|) implies that in a Bargmann structure t is an affine parameter for the 
geodesic. More generally, Eq. (|26p implies that for any timelike geodesic 

dr = ^ dt. (28) 

where r is the proper time. The equation ([27)) reads 



y{t) = y{to) + f at> {q, q) + h, (g) + ^(-i^ - 1 - U)]dt' . (29) 
Jta 2-0 2^^ 2 

Definition 3.1. Given /i e (0, -l-oo], a future directed curve {t,q{t)) on E and a 
point Too — {to, qito), y(io)) (determined by a choice of j/o — y{to)) on the fiber of the 
starting point eg = {to, q{to)), equation (|29p defines a new future directed causal curve 
on M, given by {t, q{t),y{t)), which we call the ^-lift of {t,q{t)). The 0-lift will also 
be called light lift. 

The — -lift can be defined for any future directed curve on E and, by construction, 
it is a timelike curve on M if < < -|-oo and a lightlike curve on Af if /i = -|-oo. The 
final endpoint TOi = (ti, q{ti), y{ti)) of the i -lift lies in the fiber of the final endpoint 
ei of the original curve on E. 

The importance of the ^ -lift lies in the expression for the coordinate y of its 
second endpoint which clearly resembles the classical action. 

We are generalizing here the idea of light lift introduced in 35] to the case of 
lightlike dimensional reduction. In |35j in order to study the motion of a relativistic 
particle in electromagnetic and gravitational fields, a Kaluza-Klein extension of 
the spacetime was considered (spacelike dimensional reduction). The additional 
coordinate of the light lift was proved to be related to the action of the particle, 
in complete analogy with the present case. The relevant difference is that here the 
dynamics on the base is non-relativistic while the bundle is a spacetime, while there 
both manifolds were relativistic spacetimes. 

We have almost proved the following 

Theorem 3.2. Let {M,g), M ^ExY^TxSxY,Y = M, T connected open 
subset o/M, be the spacetime endowed with the metric I113\). where at, bt, U and ip are 
(all possibly time dependent) a positive definite metric, 1-form field, scalar field and 
positive scalar field over S. 
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Every causal geodesic, not coincident with a flow line of n = d/dy, has a constant 
of motion - G [0, +00), and a projection to E, {t, q{t)), which is a stationary point 
of 

Ei/Mt)] = / ' «*('?''^) + ^*(«) - + 1 + f^)]^*'' (30) 

on the set C^^ of curves q : [toi^i] ^ S with fixed endpoints qito) — qo, 
q{ti) = qi- 

Moreover, let ^ G [0, +00) and let {t,q{t)) be a future directed curve on E, then 
q{t) is a stationary point of the functional Ei/^ on the set C^^^ iff the ^ -lift to 
M obtained by defining y{t) as in Eq. i29\) is a (unparametrized) geodesic. If pL ^ Q 
the geodesic is timelike and the proper time parametrization is obtained integrating 
dr = ^dt. If = the geodesic is lightlike and an affine parametrization is obtained 
integrating dX — ^pdt. 

In order to complete the proof we have still to solve our main problem, i.e. to 
prove that the /^-dependent variational principle SEi/ij^[q{t)] = on E leads directly to 
the projected i-Euler-Lagrange equations and that the i -lifts of the stationary points 
are geodesies on M. In the next sections we shall complete the proof by considering 
separately the cases ^ = +00 and /j, < +00. 

Note that not every future directed causal curve on AI can be regarded as a ^-lift 
of a curve on E since the function - (t) calculated through Eq. ([?71) must be a constant 
for this to be the case. However, any lightlikc curve on M with tangent vectors nowhere 
proportional to n, can be regarded as the light lift of its own projection on E because 
in this case j^{t) — 0. 

By calculating the Euler-Lagrange equations of the functional Ei/^[q{t)] we find 
that the potential bt gives rise to a magnetic type force proportional to the curvature 
of the connection, that is, exactly the Coriolis force that we expected. 

A consequence of the previous theorem is the following theorem which generalizes 
Eisenhart's. 

Theorem 3.3. Let at, bt andlA be (possibly time dependent) positive definite metric, 
1-form field and scalar field (potential) on the configuration space S. For any choice 
of constant p, G (0, -l-cxa], and time dependent field tp > 0, every stationary point 
{t,q(t)) of the classical action (to <ti) 

f\ht{q,q) + bt{q)^U{t,q)]dt', (31) 

Jto ^ 

on the set C^^ can be regarded, up to reparametrizations, as the projection of a 
causal future directed geodesic on a (d+l) + 1-dimensional spacetime M = T x S xY , 
Y — W, endowed with the metric 

gL,^ = ij[7T*sat-dt<E>{dy-7r*sbt)-{dy-7r*sbt)<E)dt-{2U~^)dt^]. (32) 

The geodesic is timelike if ^ 0, in which case the proper time along the geodesic is 

dr — ^dt, and lightlike if ~ 0, in which case an affine parametrization is dX — ^pdt. 

Moreover, the (unparametrized) geodesic is the j^-Uft of the stationary point on E, i.e. 
it is obtained by setting 

y(t)^y{h)+ I [\~at{qA) + h{q) + {^-u)]dt'. (33) 

Jto ^ ^ 
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Conversely, every future directed geodesic on {M,gi ^) which is, up to reparametriza- 
tions, the ^ -lift of its own projection {t, q{t)) on E is such that q{t) is a stationary 
point of the classical action on the set C^^ . In particular, every lightlike geodesic on 
(M, (70,1/"); not coincident with a flow line of n = d/dy, projects on a stationary point 
of the classical action and every stationary point can be obtained in this way. 

Recall that the stationary points of the action functional (|3ip do not depend on 
the choice of zero for the potential. Thus in Eqs. U can be replaced with 

U + C where C G M is an arbitrary constant, however note that the metric so obtained 
is actually isometric to the previous one since the constant can be removed with a 
change of coordinate y — > y — Ct. 

Theorem 13.31 follows immediately from theorem 13.21 once the identification 

U = + ^ + U) + const. 

/i^ 2 

has been made. In particular for a Bargmann structure, ■0 = 1 and U is then a 
potential equivalent to 14. 

4. The proof 

The proof of theorem 13.21 especially in the lightlike case, is particularly interesting 
and will be needed for a deeped understanding of the next section. 

4.1. The lightlike geodesic case, fj, — +00 

We have to prove that the projection of a lightlike geodesic a;(A) on M, not coincident 
with a flow line of n, is, once parametrized with respect to t, a stationary point of the 
functional 

Eo[q{t)] = [^at(g, q) + h{q) - {U + 

and conversely that the light lift of a stationary point of this functional is, with a 
suitable parametrization, a lightlike geodesic on M. In order to reach this result 
we recall that the unparametrized lightlike geodesies do not change under conformal 
changes of the metric [471 Appendix D]. As a consequence the lightlike geodesic x{X) 
on M can be suitably reparametrized to become a stationary point of the action 

r^^'^T^'J^)^^'^ r[i^a,(g,9)+fo.(g)-(f/+i)0-y](-^)2dA'.(34) 
J\o dA' dA' Jx„ 2ip 2 dA' 

Conversely, if a causal curve x{X) with tangent vectors nowhere proportional 
to n satisfies the previous variational principle then it can be reparametrized to 
become a lightlike geodesic for {M,g). Let x{X,r), r > 0, be a (C^) variation 
with fixed endpoints of a causal curve x(A) = a;(A, 0), with tangent vectors nowhere 
proportional to n. The continuous function in (A,r), g{n,x-^{X,r)), where ^^^(A, r) is 
the longitudinal tangent vector, is negative for r — 0, i.e. over a;(A). Since the curve 
a:(A) is defined over a compact there is an e > such that for r < e the longitudinal 
curves of the variation have tangent vectors nowhere proportional to n. Therefore, it 
is not restrictive to assume that the longitudinal curves do not have tangent vectors 
proportional to n. As a consequence the curves of the variation can be reparametrized 
with respect to t because dt/dX — —ip~^g(n, x-y) > 0. Thus there are functions x(t, r) 
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and <(A, r) such that x{X,r) = x{t{X,r),r). Conversely, for any pair of functions 
x{t,r) and t{X,r) the previous equation gives a variation x{X,r), the only conditions 
to be imposed on x{t,r) and t{X,r) are as follows, x{X) = x{t{X,0),0) where x{t,0) 
is the reparametrization with t of x{X) and t{X, 0) gives the dependence between 
the two parametrization on the same curve, and finally, i(Ao,r) = to, t{Xi,r) = ti, 
x{to, r) = x{Xo), x(ti,r) = a;(Ai). 

The particular form of x{t, r) and t{X, r) selects the variational field which reads 
Xr\r=o = xttr\r=o + Xr\r=o- The idea is first to fix t(A, r) = ^(A, 0) and find the 
Euler-Lagrange equations corresponding to the freedom induced by variations of the 
form x{X,r) — x{t{X,0),r) and then to fix x{t,r) — x{t,0) and find the Euler- 
Lagrange equation corresponding to the freedom induced by variations of the form 
x{X,r) = x{t{X,r),0). 

Note that x(t,r) — {t, q{t,r),y{t,r)). The variation x{t,r) which keeps q{t,r) = 
q{t) but changes y{t) gives the Euler-Lagrange equation 

dt/dX = cnst. > 0, (35) 

that is, if 2;(A) is a lightlike geodesic for (M, g) then t is an affine parameter for the 
same curve regarded as a lightlike geodesic of {A'I,g/ip). The relation between A and 
t is then dA = K-tpdt for a suitable constant K eR+ (see g3 Eq. (D6)]). 

Using Eq. (l35l) it is easily shown that the variations which keep y{t, r) = y{t) but 
change q{t) lead to the same Euler-Lagrange equations of functional E^- Indeed, the 
term ~y(;^)^ does not change under the said variations and does not contribute 
to the Euler-Lagrange equations. Also the factor (^)^ in the remaining term 
[2V ^) ^t^i) ~ (^+ ^)V'](^)^ does not play any role because under integration 
by parts it gets differentiated with respect to t and vanishes due to Eq. ([35|l . As a 
result the Euler-Lagrange equations corresponding to the said variations are those of 
Eo. 

Finally, the variation a;(A,r) = a:(t(A,r),0) gives Eq. ([^5]) . hence every lightlike 
geodesic not coincident with a fiow line of n is the light lift of a stationary point of 
Eo parametrized so that dA = Ktpdt for a suitable constant K G M"*". Conversely, 
the light lift of a stationary point of Eq satisfies all the Euler-Lagrange equations of 
functional (p4|) . i.e. it is a lightlike geodesic in {Al,g/ip) and once parametrized with 
dA = ipdt becomes a lightlike geodesic for {M,g). 

4-2. The timelike geodesic case, /i < +00 

In this case we are interested in the projection of timelike geodesies on Af . It is 
convenient to consider the variational principle 

5 f C^/^dX = 0, (36) 

over the set of timelike curves with fixed endpoints. The action is the usual proper 
time. The cyclic variable y can be removed from the variational principle using Routh's 
reduction [35 (see also [3T] for the application to Lagrangians homogeneous of first 
degree in the velocities). The Routhian is a reduced Lagrangian obtained from the 
original Lagrangian by making a Legendre transform with respect to the velocities 
of the cyclic variables that have to be removed, and by considering the conserved 
conjugate momenta as constants. In our case we want to remove the variable y and 
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its velocity dy/dX so as to obtain a variational principle in the quotient space E. The 
conjugate momentum is 



{~at{q, q) - 2#t(g) + {2U + 1^ + 2^yYl^ ' 
from which we obtain that y{t) is given by Eq. (|29p . The Routhian is 



and, up to a constant factor, the reduced action becomes 



1 /"^ .. r\i 



RdX= [ atiq,q) + bt{q)-i;{^ + - + U)]dt'. 



The proof of theorem 13.21 and hence of theorem 13.31 are complete. 

5. The geometric interpretation of the lightUke geodesic case: Fermat's 
principle and Bolza's problem 

In this section (Af , g) is the Eisenhart spacetime M = TxSxM., T open connected 
subset of E, with g given by Eq. with (all possibly time dependent) at, a positive 
definite metric, bt, a 1-form field, U, a scalar field and -0 > 0, a positive scalar field. 

Let us consider points eo,ei G E = T x S with ei in the future of eo, ti > to- Let 
fno = (eo,?;o) be an event on the fiber of eo in the bundle tt : M — > i?. Consider the 
set Afmo,ei of the (unuparametrized) lightlike curves connecting mo to ei's fiber. 
The coordinate yi of the final endpoint mi = (ei, yi) can be regarded as a functional 
on j\fmo,ei ■ Note that the parametrization A of the curves considered will play no role 
in the discussion and can always be taken such that A G [0, 1]. Note also that the 
definition of stationary point for the functional yi is not affected by changes of the 
section cr, as this implies only the addition of a constant. 

Lemma 5.1. Ifg{n,d\) — at a point of a curve x G Mmo.ei then a lightlike variation 
x{\,r), r > 0, with longitudinal curves belonging to Mmo,ex, can be constructed such 
that dyi/dr > 0. In particular, a stationary point x € Mmo,ei, of the arrival coordinate 
yi on Nmo.ei satisfies g{n,d\) ^ at every point. The same inequality holds for any 
lightlike geodesic in J\fmo.ei ■ 

Proof. That the statement holds for any geodesic follows from the fact that 
g{n,d\){X) = 0, A S [0,1], would imply that the lightlike geodesic a;(A) is tangent 
to n at a point and hence coincides with the lightlike geodesic generated by n, which 
is impossible as the initial and final endpoints of a;(A) project on distinct points of E. 

Now, consider a curve a::(A) G J^mo.ei- The idea is that if g{n,dx){X) — 0, 
A G (0,1], then there is a lightlike variation of ^(A), A e [0, A], which keeps the 
projection of the endpoint e — e(A) fixed but changes the value of y = y{X) linearly 
in the variational parameter. Then the variation of the whole curve x{X) is obtained 
by gluing the said variation up to A to the Lie translation of x(A) along the fibers for 
A > A. 
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A similar idea is followed if A = 0. In this case it sufRces to follow the geodesic 
generated by n at toq and then to move on the Lie translation of x{X) along the fiber. 

If g{n, d\)(X) = 0, A G (0, 1], we want to show that there is a lightlike variation of 
x(A), A S [0, A], which keeps the projection of the endpoint e = e(A) fixed but changes 
the value of y = y(X). To this end, let ri{y') be the integral line of the geodesic 
generated by n and such that ?7(0) = x(A), i.e. y' = y — y, and let k be the constant 
such that gf (A) = kn. Consider the following variation x{X,r) for r > 

X 

a:(A,r) = a;((l +r)A), 0<A< 



1 + r 

a;(A,r) =ry(fc((l + r)A-A)), < A < A 

1 + r 

it consists in extending the lightlike curve along the geodesic and in rescaling the 
parameter. Clearly the final endpoint being •q{kr\) has a coordinate y of value y+fcAr, 
which increases linearly with r. 

□ 

Lemma 5.2. The lightlike geodesies connecting toq = (eo,io) to ei 's fiber, to < ti, 
are stationary points for the arrival coordinate functional yi on the set Mmo.ei- 

Proof. Let a;(A,7'), be a variation of a; (A, 0) = a;(A) made of curves belonging to A/'mo.ei • 
The variational field dr vanishes at A = while 9r|(A.r)=(i,o) = ^r""' hence the 
functional given by the function y on the final endpoint has a stationary point at 
x{X, 0) iff the variational field vanishes at the final endpoint. Since g{d\, d\) = 0, 

= drg{dx,dx) = 2dxg{dx, dr) - 2g{\/9,dx,dr), 

If .t(A) is a geodesic, up to reparametrizations, Vg^c^A = fdx for a certain function 



/(A). Thus g{d\,dr)\r=o ~ Cexpl/^^ /dA'}, and since 9r|A=o — 0, we have C = 0. 
Finally, 



dy 

= g(9A,9r)|(A,r) = (l,0) = ■^5(5A,"-)|(A,r) = (1.0)- 

But .g(9A, ?^)|(A,s)=(i,o) 7^ by lemma [^TTl hence if a;(A,0) is a lightlike geodesic then 
it is a stationary point for the functional y\. □ 

Consider the set Mma^ei C Ado.ei, made of those curves with tangent vectors 
newhere proportional to n. By lemma [5T] the stationary points for functional j/i, and 
the geodesies on Afmo,ei belong in fact to J\f„io,ei ■ Note also that if a;(A) is a stationary 
point for variations having longitudinal curves in Mmo,ei then the same is true for 
variations restricted to A/'mo.ei- 

Let {t,q{t)) be a (C^) future directed curve connecting cq to ei and let x(A), 
A e [0,1], be its light lift of starting event mo = (eo,?/o) and final endpoint 
rui = {ei,yi) on ei's fiber. Here the parametrization A is not important as long 
as dt/dX > 0. 

The light lift belongs to Mmo,ei and every curve in Mmo,ei is the light lift of a 
future directed connecting curve on E, where yi is given by Eq. ([29|l with ^ = 0. As 
a consequence we have proved again the 'if part of 
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Theorem 5.3. Let at, bt, U and tp > be (possibly time dependent) positive definite 
metric, 1- form field and scalar fields on the d-dimensional configuration space S. The 
(classical) action functional 



is stationary on q{t) if and only if the light lift {t,q{t),y{t)) on M endowed with the 
metric !il3\) is a (unparametrized) lightlike geodesic. In particular the 0-Euler- Lagrange 
equations are the Euler- Lagrange equations of this functional. 

The 'only if part has been proved through the argument of subsection l4.1[ indeed 
we can use the fact that for ^ = the expressions for functional Eq and yi differ only by 
a constant (compare Eq. ([30]) with Eg. ((29|) ). Incidentally, by proving the 'only if ' part 
we showed that the stationary point of the functional yi on the set Mmo,ei is a geodesic 
and hence, by lemma [5T^ that it is also a stationary point with respect to variations 
in the larger space of longitudinal curves Afmo,ei- Summarizing we proved that, given 
the functional yi, any stationary point on the set Afmo.ei belongs to J\fmo,ei , and it is a 
stationary point for the restricted variations belonging to Mmo,ei f lemma 1 5. II) . These 
last stationary points are indeed geodesies (theorem l5.3p . and hence belong to Nmo,ei 
and are stationary points with respect to the enlarged set of variations (lemma 15. 2p . 
The conclusion is that 

Theorem 5.4. The stationary points of the functional yi over the set Afma.ex of 
lightlike curves connecting tuq — (eo,yo) ei 's fiber, t^ < ti, are the lightlike 
geodesies belonging to Afmo^ei- 

This is a modified Fermat type theorem in which the target curve is not timelike 
but lightlike. It is likely that the theorem could be generalized to arbitrary spacetimes, 
not necessarily with a lightlike Killing vector field, as it has been proved in the timelike 
case [371113]. 

5.L The Bolza problem 

The Lagrange problem, sometimes referred to as the Bolza problem, [71 [531 Uni 1111 [H] 
asks to determine under which conditions the action functional has a stationary point 
and in particular whether it has a minimum. A classical result is Tonelli's theorem 
|101l33j which states that a minimum exists provided at is independent of time, bt = 0, 
{S, a) is a complete manifold, and the Lagrangian L is superlinear, that is, for all A G R 
there is a i? £ M such that L{q,q,t) > a{q, q) — B for all i, g, q. Unfortunately, 
these requirements are too restrictive, they imply for instance that the potential is 
bounded from above. For this reason other theorems have been given in the literature 
which replace superlinearity with other suitable growth conditions [THl [201 [HI IS] on C7 
or VU. 

A more general approach is followed here where these growth conditions are 
regarded as accessory conditions needed to prove the causal simplicity [38] of the 
spacetime (Af, g) under which the existence of a minimum for the classical action 
follows. Indeed, remarkably, we are able to prove the following theorem which reduces 
the Bolza problem for the classical action to an often simpler problem in global 
Lorentzian geometry. It also summarizes some relevant results obtained in the lightlike 
geodesic case i = 0. 
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Figure 2. Every future directed curve e{t) = (t,q{t)) connecting two events 
eo and ei in E is the projection of its light lift x{t) i.e. a lightlike, and hence 
causal, curve on M which starts from a given event mo on eo's fiber and ends 
on ei's fiber. The coordinate y on the light lift second endpoint equals, up to an 
additive constant, the classical action functional l|38|l . By a generalized Fermat's 
theorem the lightlike geodesies are the stationary points of this modified 'time'- 
of-arrival functional, for variations restricted to lightlike curves (see theorem 15. 4| l. 
Moreover, if the action H38| l is bounded from below and the spacetime {M,g) is 
causally simple then there is a lightlike geodesic that reaches a minimum for the 
coordinate y, and hence its projection is an absolute minimum of the classical 
action (see theorem [53J. 

Theorem 5.5. Let S be a d- dimensional manifold endowed with the (all possibly time 
dependent) positive definite metric at, 1-form field bt and potential function lA (all 
C, r >\). On the classical spacetime E ^ T x S let t be the time coordinate and 
let eo = (to, 90) o.'fT-d ei = (ti^qi) be events, the latter in the future of the former i.e. 
ti > tf). Consider the classical action functional 

4o,ei M = / ' [\atiq, q) + bt{q) - U{t, q)]dt, (38) 
Jto ^ 

on the space of curves q : [tojii] ~^ 5" with fixed endpoints 9(^0) — Qa, 

q{ti) = qi. Construct the spacetime M — ExY~TxSxY,Y = TS., and denote 
with ITS : M S , the canonical projection. Assign to M the Lorentzian metric 

g = Trjat -At® [Ay - Trjfet) - (dy - TrJ&t) ® At - 2UAt^. (39) 

(a) Every lightlike geodesic of {M,g) not coincident with a flow line of n ~ d/dy, 
admits as affine parameter the function t, and for any such curve x{t) = 
{t,q(t),y{t)), the function q(t) is a stationary point of functional i38\) on 
Cgjj and x(t) is the light lift of e{t) = (t,q(t)), that is 

yit) = yiO) + IeoAt)ll\lo.t]]- 
Conversely, given a C^ stationary point q{t) of functional hS8\) on C^^ , the 
light lift x(t) = {t,q(t),y{0) + Ieo,e(t)[Q\[o,t]]) is an affinely parametrized lightlike 
geodesic of{M,g) necessarily not coincident with a flow line ofn. 
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(b) The spacetime {M,g) is causally simple if and only if the following two properties 
hold 

(i) The function X : E x E ^ [—00, +00] given by 

I(eo,ei)= inf Ieo.eAl]i for to < ti, 

I{eo, ei) = +00, for {to = ti and qo ^ qi) or to > ti, 

I(eo, ei) = 0, for to = ti and qo = qi, 

is lower semi- continuous, 
(ii) //X(eo,ei), to < ti, is finite then the functional I ^a^eiWi attains its minimum 

at a certain (not necessarily unique) q{t) G g^, i.e. Iea.ei[q\ = T{eo,ei). 

(c) Whether or not {M,g) is causally simple, each minimizer q(t) G C^^^ is not only 

but also C""+^ differentiable and hence satisfies the Euler- Lagrange equations 

of Ieo,ei. 

Proof. The statement (a) is nothing but theorem 13.31 for ^ = and = 1 . Thus we 
have only to prove (b). 

Let Cmo,ei be the space of causal curves connecting mo to ei's fiber, with 
^0 < ti (see figure [5]). Because, of the translational invariance mo can be arbitrarily 
chosen. Consider a causal curve a;(A) G Cmo,ei, A G [0,1], which is timelike at some 
point. By [31] Prop. 4.5.10] there is a timelike curve i(A) with the same endpoints mg 
and mi — (ei, yi[x(A)]). It is easy to prove using Eq. (|20p that, since i > all over 
i(A), the coordinate y evaluated at its final endpoint (which coincides with the final 
endpoint of a;(A)) is higher than the same coordinate evaluated at the final endpoint 
of the light lift of the projection e(A) of x(A). 

Thus for every connecting curve which stays in Cmo.ei, there is another in 
■^mo.ei C Cmo,ei with an cqual or lower value of the functional yi. Thus 

inf yi[x]= inf yi[x]. 

Consider now a curve x G Mmo,ei, such that g{n,Ax/AX) = at some point. It can 
not be (7(n,da;/dA) = everywhere otherwise x would coincide with a segment of 
geodesic generated by n, and its projection would not connect two different points cq 
and ei. Thus it is not a lightlike geodesic and by [HJ Prop. 4.5.10] there is a timelike 
curve X with the same endpoints mo and mi = (ei, yi[a;(A)]), and finally the light lift 
of the projection e gives a lightlike curve with a lower value of the coordinate j/i of 
the second enpoint. Thus for every connecting curve which stays in A/'mo.en there is 
another in Afmo.ei C Afma-ei with an equal or lower value of the functional yi. Thus 

inf yi[x] = inf yi[x]. 

But every curve in Mmo,ei is the light lift of its projection i.e. of some curve 
e{t) ~ {t,q{t)), q G C'eo.ei- a consequence, 



inf yi[x]=yo+ MIeo,eA<l]: 



and finally, 



inf yi[x]=ya+ inf /g gjg] = yo + 2^(eo, ei). (40) 
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We are ready to prove (c). Since is open every absolute minimum 5, 
must have a light lift which connects TOq to a point in J+(too) — -E'^(™o): and hence 
the light lift is a maximal lightlike geodesic. The geodesic equation depends on the 
first derivatives of the given fields 64, at, 14, and on the second derivative of the 
coordinates. Hence the geodesic has second derivatives which are C"""^ differentiable, 
and the projection q{t) of the geodesic is C"""*"^ differentiable. 

Let us assume {M,g) is causally simple and prove property (ii). If the action 
Ieo,ei[q(t)] is bounded from below then there is an event on ei's fiber, 

mi = (ei,yi) = (ei, yo + inf Ie„,ei[q]), 

which belongs to J"*" (mo), the boundary of the causal future of mo- If (M, g) is causally 
simple, as it is well known [21j . J'^(mo) = E~^ (rrio), that is, there is a (maximal but not 
necessarily unique) lightlike geodesic x connecting toq and mi. Since it is lightlike, it is 
the light lift of its own projection {t, q{t)), and therefore, q(t) is an absolute minimum 
for the classical action. 

Let us assume that {M,g) is causally simple and prove property (i). We can 
assume that I(eo,ei) 7^ —00 otherwise the statement is trivial at (eo,ei). 

Let to < ti and assume by contradiction that X is not lower semi- continuous at 
(eo, ei) G i? X i?, then there is an e > and a sequence (eofc, eifc) — > (eo, ei) such that 
^(eoA;,en:) < Z(eo,ei) — e (note that for to < ti, I(eo,ei) is bounded from above). 
Without loss of generality we can assume tofe < ti^. 

Fixed yo G R, set mofc = (eofe,yo), "^0 = (eo,2/o), so that mofe mo- We have 
shown that for any q £ C^^^ , the event 

(eife,yo +-feo;,,eiJg]) 

belongs to J^{mok) and hence the same holds for 

(eifc,yo+/eofc,ei,M+C') 

where C is an arbitrary positive constant (simply reach the previous point and move 
along the geodesic generated by n in the forward direction). For k sufficiently large 
there is a g e C'lofe^eik such that Ieok,eik M < ^{^0, ei) - e. Finally, defined yik and yi, 
as yik = Hi = Ho + ii^o, ci) — |, we obtain that 

mik = (eife, yik) = {eik,yo + I{eo,ei) - |) 

belongs to J'*"(mofc). But mi^ ^ mi = (ei,?;i) = (ei, j/q +Z(eo, ei) — |) and by causal 
simplicity mi G J+(mo) which due to Eq. it is impossible. 

An analogous argument works for ^o = ti. Here we have to consider two 
possibilities, qo ^ qi and qo — qi- 

In the former case if I were not lower semi-continuous at (eo,ei) G Ex E, 
then there would be an M > and a sequence (eofc,eifc) (eo,ei) such that 
2r(eofc,eifc) < M. Without loss of generality we can assume qok 7^ qik and hence 
necessarily tok < tik (otherwise I{eok,eik) = -l-oo). Fixed yo G R and arguing as 
above it follows that, m.ik = (eifc,yo + M) G J+(mofc), where mofc = (eofc,yo)- By 
causal simplicity mi — {ei,yo+M) G J+ (mo), where mo = (eo,yo) which is impossible 
because no causal curve can connect two events in the same slice t = cnst. unless both 
events lie in the same geodesic generated by n in which case go = Qij which is excluded 
by assumption. 
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In the latter case ei = eo and if X were not lower semi-continuous at (eo,ei) G 
E X E, then there would be and e > and a sequence (eofc, eik) (eq, ei) such that 
I(eofeieifc) < Z(eo,ei) — e = — e. The inequality implies that necessarily io/c < ^ife, 
and proceeding as above we obtain that mi = (ei,yo ~ f) = (eoj2/o ~ f ) € J"*" (mo), 
iTT'O = (eo,yo)i which is impossible because the only causal curve which connects mg 
to mi is a pasi directed null geodesic generated by n. The lower semi- continuity for 
t\ < to is obvious because this is an open subset of E x E where I has constant value 
-|-oo. 

Now, assume that properties (i) and (ii) hold and let us prove that (M, g) is 
causally simple. Since the Eiscnhart spacetime is causal (lemma l2.6p we have only to 
prove that for every m £ M, J^{m) is closed [38l Def. 3.63] [6] (the analogous past 
case property can be proved similarly). Otherwise there are two events mo = (eo,?/o) 
and mi = (ei,?/i) such that mi £ J+(mo) but mi ^ J"'"(mo). 

If to < ^1, by the same argument used above, for any q e C^^ and C > 

(ei,?/o +4o,ei M +G) 

belongs to J+(mo). Thus, if X(eo,ei) — — oo, mi G J"'"(mo) the searched 
contradiction. Let T{eo, ei) be finite, then by property (ii) there is a minimizing curve 
{t,q(t)) whose light lift starting at mo ends at mi = (ei,?/i) — (ei,,?/o + ^{gq, ei))- 
Moreover, if yi < yi then mi £ J^^ttiq) (simply move from mo to mi through the light 
lift of {t,q{t)) and then along the fiber passing through mi in the forward direction) 
a contradiction. We conclude that yi < yi- We are going to show that this fact is 
incompatible with property (i). Indeed, let mifc — {eik,yik) £ J^inio) be a sequence 
such that mifc — > mi. There is an e > such that for sufficiently large fc, yik < yi — e 
then X(eo, eik) < 2r(eo, ei) — e which contradicts the lower semi-continuity of I. 

If to = ti and qo / qi, it is I(eo, ei) = +oo. Let mu- = (eife, yik) G J"''(mo) be a 
sequence such that mi^ = {eik,yik) wi = (ei,2/i). We can assume without loss of 
generality qik ^ qo, and hence tik > to (because all the events of J+(mo) have time 
greater than to unless they lie in the geodesic generated by n which pass through mo 
in which case they would project on (90,^0))- Since yik yi, there is a M > such 
that yik < M thus X(eo, eik) < M, in contradiction with the lower semi-continuity of 
I. 

If to = ti and go = Qi, it is 2:(eo,ei) = 0. Let mifc = {eik,yik) G J+(mo) 
(in particular tik > to unless eik = eo and yik > yo, in which case tik — to) be a 
sequence such that mik — {eik, yik) ~^ rni — (ei,yi). Since mi ^ J^(mo), it must be 
2/1 < 2/0 — e, for a suitable e > 0, indeed any event mi with yi > yo is reached from 
mo by the future directed lightlike geodesic generated by n starting from mo. Since 
Uik ^ 2/1 < 2/0 - e it is tik > to, thus yo + I(eo, 6^.) < 2/ifc < 2/o - e in contradiction 
with the lower semi- continuity of I. 

□ 

A nice feature of the theorem is that it relates the causal simplicity of (M, g) with 
properties of the classical action functional alone. There is no direct requirement on 
the time dependent metric at, 1-form field bt and scalar field U(t, q). Roughly speaking 
(i.e. neglecting condition (i)), it shows that the property of existence of minimizers for 
the classical action is equivalent to the property of causal simplicity for Eisenhart's 
spacetime. 

Thanks to the theorem it is quite easy to construct spacetimes which are not 
causally simple. As a matter of fact similar examples already appeared in the 
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literature. In fact, after the discovery by Penrose [l^ that pp-waves are not globally 
hyperbolic Ehrlich and Emch [T3] showed that they are not even causally simple (for 
them = Sab, a,, b = 1,2, bt = and U is a suitable time dependent quadratic form 
in and g^). 

In their study of the general plane waves [TTl [18] Flores and Sanchez prove (using 
only differential geometric tools) that if at is independent of time, {S, a) is a complete 
Rieniannian manifold, bt = 0, and U has a subquadratic behavior at spatial infinity 
then, (a) the spacetime {M,g) is globally hyperbolic [171 Theor. 4.1] (and hence 
causally simple), and (b) the action functional is bounded from below I17( Lemma 3.3]. 
From theorem 15.51 point (ii), it follows that under the same conditions the classical 
action functional admits a minimizer. We conclude that only by using tools from global 
Lorentzian geometry it is possible to prove results on the existence of minimizers that 
were previously obtained by using variational tools such as Ljusternik-Schnirclman 
and Morse theories [S]. 

Theorem 15.51 has an analog in the spacelike dimensional reduction case |37) . 
Indeed, it can be shown that a Lorentzian direct product M x H, with {M,g) 
Lorentzian and {H, h) Riemannian manifold, is causally simple if and only if the base 
spacetime (M, g) is causally simple, the Lorentzian distance on the base is upper semi- 
continuous (the analog of condition (i)) and any two causally related events on (M, g) 
at finite Lorentzian distance are connected by a maximizing geodesic (the analog of 
condition (ii)). 

6. Conclusions 

In the first part of the work it has been explained how Eisenhart's spacetime can be 
recovered from coordinate independent assumptions, and how this assumptions relate 
to the Bargmann structures. In the process a one-to-one correspondence between 
Newtonian frames and Abelian connections on suitable lightlike principal bundles, 
since now passed unnoticed, has been proved. It is expected to considerably simplify 
the presentation and study of Newton-Cartan theory. 

In the second part a causal version of Eisenhart's theorem was proved and its 
connection with a Fermat type principle was clarified. The concept of light lift was 
introduced and exploited showing that the last coordinate of the light lift is in fact 
the classical action up to a constant. The tools introduced led us to recognize that 
the causal simplicity of Eisenhart's spacetime is almost equivalent to the property of 
the existence of minimizers for the associated classical action. 

The bridge between relativistic and non-relativistic physics provided by the 
mathematics of lightlike dimensional reduction makes it possible to use the powerful 
tools from global Lorentzian geometry to attack, from a different perspective, some 
unsolved problems in classical mechanics. More on this subject will be done in 
subsequent works. 
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Appendix: The relation with Newton-Cartan theory 

There is no (Newtonian frame independent) way of extending the metric ([9]) to a metric 
in the whole tangent space to E. Nevertheless, if denotes the contravariant metric 
a"'^abc = then can be naturally extended to a degenerate contravariant metric 
on the whole cotangent space of E, a^^ , A,B = 0,1, ... ,d, by setting a^^t^B — 0. 
This contravariant metric a^^ can also be obtained by pulling back the 1-forms from 
E to M and by applying to them g~^, i.e. = tt*;/"^. A structure of this kind, in 
which a rank-d contravariant metric is annihilated by a 1-form field rj = ipdt on a d + 1 
dimensional manifold is called a flat Galilei structure ^\ . The flat Galilei structure is 
of first order if d?7 — on E, and in the spacetime M it coincides with the Bargmann 
structure condition dn ~ 0. 

If one tries to include an affine connection V'^^-' on E that preserves the 
contravariant metric and 77, (i.e. the Galilei structure), V'^-'a^^ = 0, V^^-'r; = 0, then 
a number of nice theorems arise j29j. For instance, the afhne connection is torsionless 
iff dr] = 0. However, this condition does not determine the connection completely. 
Indeed, the torsionless connections turn out to be in one-to-one correspondence with 
the 2-forms on E. This set is restricted to the closed 2-forms if a particular Newtonian 
condition, that is a symmetry condition on the Riemann tensor, is imposed on the 
physical affine connections. Finally, the dynamical field equations R\g = A-KprjAVB 
for a given scalar matter density p imply that the space section St are Euclidean 
o,ab — Sab, that the connection only depends on a potential U in the usual way |39[ 
Chapter 12], f'^^qq = daU, and that U satisfies the Poisson equation AU — Anp. 
We see that two seemingly unrelated properties of the old Newtonian spacetime of 
classical mechanics, such as Newton's force law and the flatness of space are unified 
in the same geometrical framework. 

Let us exploit the relation between the Newton-Cartan theory sketched above and 
the Bargmann structures [111 I12j . The metric g on M determines an affine connection 
V which projects into an affine connection on E as follows. Let w, be a vector field 
on TE, and let W be any representative on M, n^W = w. This last condition can 
be written LnW oc n, and implies from LxY = [X, Y] = VxY — VyA, and from the 
fact that n is covariantly constant, V„W^ oc n. As a consequence 

V V+an 

has a projection independent of the fields a and [3, and hence defines a connection 
Vi^'w = 7r*(VyM^) on E. It is easy to check that V^^^ preserves the Galilei 
structure. Moreover, it can be shown to be Newtonian [11]. The Bargmann structure 
is then simpler than the Galilei structure since no Newtonian condition on the Galilei 
connection must be added. It appears to be extremely natural for the formulation of 
classical theories. 

Newton-Cartan theory could prove important at the quantum level although very 
few works deal with the problem of formulating it. As it was pointed out by Kuchar 
pS] the quantized Newton-Cartan theory would represent a face of the cube of theories 
(parametrized with 1/c, G, h, and where classical mechanics corresponds to (000)), 
that is the face of equation 1/c = 0, the other two known faces being Quantum Field 
Theory, i.e. G — 0, and General Relativity, i.e. fi, = 0. The quantum theory of a 
particle on a curved Newton-Cartan background can be approached by means of path 
integral quantization methods or through geometric quantization strategies |40j . Lit- 
tle is known on the quantization of the geometric fields, but it seems that they would 
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be non-dynamical [28 . 
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